We extend earlier work establishing a framework for optimally controlling Connected Automated Vehicles (CAVs) crossing a signal-free intersection by jointly optimizing energy and travel time. We derive explicit optimal control solutions in a decentralized manner that guarantee both a speed-dependent rear-end safety constraint and a time-dependent lateral collision constraint, in addition to lower/upper bounds on speed and acceleration. Extensive simulation examples are included to illustrate this framework.
I. INTRODUCTION
Traffic control at intersections is one of the major challenges in transportation systems, as intersections account for a large fraction of accidents and of the overall system congestion. To date, traffic light control is the prevailing method for coordinating conflicting traffic flows through an intersection. Recent technological developments include designing online adaptive traffic light control as in [1] . However, aside from the obvious infrastructure cost of traffic lights, the efficiency and safety offered by such signaling methods can be significantly improved through new approaches capable of enabling smoother traffic flow while ensuring safety.
Connected Automated Vehicles (CAVs) provide the most intriguing opportunity for improving traffic conditions in a transportation network. One of the very early efforts was proposed in [2] and [3] . More recently, Dresner and Stone [4] proposed a reservation-based scheme for automated intersection management. Since then, numerous research efforts have explored efficient and safe control strategies, e.g., [5] - [7] . Some of the efforts focused on minimizing travel delays with safety guarantees [8] - [13] . Lee and Park [12] aimed at minimizing the overlap between vehicle positions. Reducing energy consumption is another desired objective which has been considered recently [14] - [17] . Hellstrom [16] proposed an energy-optimal control algorithm for heavy diesel trucks by utilizing road topography information. A detailed discussion of recent advances in this area can be found in [18] .
The contribution of this paper consists of extending the optimal control framework in [19] . First, instead of solving a throughput maximization problem followed by an energy minimization problem for each CAV, here we formulate a problem in which each CAV seeks to jointly minimize both its travel time through a specified Control Zone (CZ) and Merging Zone (MZ) and its energy consumption, while preserving the decentralized fashion. This allows us to readily quantify the tradeoff between these two criteria. Second, unlike [19] , [20] where we first resolve possible collisions in the MZ and then apply optimal control over the CZ, here we relax the constant speed assumption inside the MZ and handle lateral collision avoidance through additional state constraints; this provides flexibility in controlling CAVs within the MZ. Third, unlike [19] , [20] where we limit ourselves to a distance-dependent rear-end safety constraint, here we include a speed-dependent rear-end safety constraint, which better captures the relationship between two consecutive vehicles traveling on the same road. Our analysis includes the derivation of several structural properties of an optimal control solution and it allows us to determine whether an optimal control solution for each CAV is feasible at the time it enters the CZ.
In Section II, we review the model in [19] and derive the conditions that guarantee safety constraints for each CAV. In Section III, we formulate a decentralized optimal control problem for each CAV that jointly minimizes its travel time and energy consumption throughout the CZ and the MZ, prove structural properties of optimal trajectories, and derive an explicit solution for it. Simulation results are given in Section IV showing constrained optimal trajectories with different safety constraints becoming active. We conclude with Section V.
II. THE INTERSECTION MODEL
We begin with a brief review of the model introduced in [21] and fully developed in [19] . We consider an intersection ( Fig. 1) where the region at its center, assumed to be a square of side S, is called Merging Zone (MZ) and defines the area of potential lateral CAV collisions. The intersection has a Control Zone (CZ) and the road segment from the CZ entry to the CZ exit (i.e., the MZ entry) is referred to as a CZ segment whose length L > S is assumed to be the same for all entry points to a given CZ. Extensions to asymmetric CZ segments are possible and considered in [22] .
We assume the existence of a "coordinator" whose task is to handle the CAV scheduling and the information exchanges between CAVs, while each CAV maintains its own control autonomy. Let N (t) ∈ N be the cumulative number of CAVs which have entered the CZ by time t and formed 2019 IEEE 58th Conference on Decision and Control (CDC) Palais des Congrès et des Expositions Nice Acropolis Nice, France, December 11-13, 2019 a queue N (t) that designates the crossing sequence in which these CAVs will enter the MZ. There is a number of ways to manage such a queue. In [19] a First-In-First-Out (FIFO) crossing sequence is assumed, that is, when a CAV reaches the CZ, the coordinator assigns it an integer value i = N (t) + 1. This is relaxed in [22] to allow for dynamically resequencing CAVs as each new one arrives, hence maximizing throughput. If two or more CAVs enter a CZ at the same time, then the coordinator selects randomly the first one to be assigned the value N (t) + 1.
For simplicity, we assume that each CAV is governed by second order dynamics:
where p i (t) ∈ P i , v i (t) ∈ V i , and u i (t) ∈ U i denote the position, i.e., travel distance since the entry of the CZ, speed and acceleration/deceleration (control input) of each CAV i. The sets P i , V i and U i are complete and totally bounded subsets of R. These dynamics are in force over an interval
where t 0 i and t f i are the times that the vehicle i enters the CZ and exits the MZ respectively. To ensure that the control input and vehicle speed are within a given admissible range, the following constraints are imposed:
(2) Assumption 1. CAVs follow the crossing sequence established by the coordinator and no overtaking, lane-changing, or turns are allowed.
Assumption 2. Each vehicle has proximity sensors and can observe and/or estimate local information that can be shared with other vehicles.
Definition 1. Depending on its physical location inside the CZ, CAV j ∈ N (t), j < i belongs to only one of the following four subsets of N (t) with respect to CAV i: 1) R i (t) contains all CAVs traveling on the same road as i and towards the same direction but on different lanes, 2) L i (t) contains all CAVs traveling on the same road and lane as vehicle i, 3) C i (t) contains all CAVs traveling on different roads from i and having destinations that can cause collision at the MZ, and 4) O i (t) contains all CAVs traveling on the same road as i and opposite destinations that cannot, however, cause collision at the MZ.
A rear-end collision may occur only if some CAV z = i belongs to L i (t). To ensure the absence of any rear-end collision throughout the CZ and MZ, instead of using the distance-dependent rear-end safety constraint as in [19] , [23] , we impose a speed-dependent rear-end safety constraint
that specifies a minimum safe headway, i.e., a gap that is a function of v i (t), where k is the CAV physically ahead of i, ϕ is the reaction time and δ 0 is the minimal standstill inter-vehicle distance. Note that in [19] a distance-dependent constraint p k (t) − p i (t) ≥ δ was used with δ denoting an inter-vehicle distance while CAVs are moving.
Assumption 3. For each CAV, the speed constraints in (2) and the rear-end safety constraint in (3) are not active at t 0 i .
If this assumption is violated, any optimal control solution is infeasible and we must resort to control actions that simply attempt to satisfy these constraints as promptly as possible; alternatively, we may impose a Feasibility Enforcement Zone (FEZ) that precedes the CZ as described in [24] .
As in [19] , we consider a First-In-First-Out (FIFO) ordering structure by imposing the following condition:
A lateral collision involving CAV i may occur only if some CAV z = i belongs to C i (t). Letting t m i denote the time when a CAV enters the MZ, this leads to: Definition 2. For each CAV i ∈ N (t), the set Γ i includes all time instants when a lateral collision involving CAV i is possible:
Consequently, to avoid a lateral collision for any two vehicles i, z ∈ N (t) on different roads, we require
Combining with (4), we derive the lateral collision constraint
Since t m i is the time that CAV i reaches the end of the CZ, the constraint (5) is equivalent to the following positiondependent interior-point constraint
For CAVs that belong to O i (t) and R i (t), no collision may occur throughout the CZ and the MZ.
To ensure that CAV k will not collide with CAV i after k exits the MZ while i is still traveling inside the MZ, we impose the following assumption. 
Combining (2), (3), (4), the lower bound on the time when CAV i can leave the MZ is given by
is the lower bound due to the speed and control constraints and t 1 i , t 2 i were derived in [19] : (5) , and (7), then, with respect to any CAV j, j < i, CAV i satisfies
Proof. Refer to [25] .
Corresponding to the lower bound of terminal time t L i , there also exists the upper bound t U i :
are derived in a similar way as t 1 i and t 2 i in (8) respectively. Based on (9), the following upper bound constraint applies:
III. OPTIMAL CONTROL OF CAVS
The objective of each CAV inside the CZ and MZ, i.e., over [t 0
i , t f i ], is to derive an optimal acceleration/deceleration which minimizes a convex combination of its travel time and energy consumption. Since the coordinator is not involved in any decision making process regarding vehicle control, we can formulate a tractable decentralized problem, that can be solved on line by each CAV, as follows:
where γ is a normalized weight associated with the importance of travel time relative to energy. The constraints consist of the vehicle dynamics (1), state and control constraints (2), the speed-dependent rear-end safety constraint (3), the timedependent lateral collision constraint (6) , and the lower and upper bounds of the terminal time t f i (7) and (10) . Unlike the problem considered in [19] where the terminal time was obtained a priori to optimize travel times, here the optimal travel time is part of the problem solution. An additional difference is that the optimization horizon here covers both CZ and MZ, instead of the CZ only.
A. Analytical Solution
Given the objective function of the unconstrained problem P 0 , the Hamiltonian is
and the Lagrangian with constraints directly adjoined is
≤ 0 represent the control and state constraints respectively, q i (p i (t 1 ), t 1 ) ≤ 0 represents the position-dependent interior-point constraint at t 1 , and
and their trajectories, including the terminal time, are known to i through the coordinator (or through on-board sensors).
The Euler-Lagrange equations becomė
anḋ
Terminal conditions. (i) When t f i is free, we have the following transversality conditions
and v 0 i are given. The necessary condition for optimality is
B. Problem Decomposition
In order to efficiently obtain an analytical solution on line, we propose a step-wise optimization approach. We start with the unconstrained problem P 0 by relaxing all constraints in (11) except (1) . After solving P 0 , we obtain the terminal time t f i . The second step is to check whether t f i satisfies both (7) and (10); if not, we formulate problem P 1 by constraining t f i to either the lower bound (7) or the upper bound (10) and resolve the problem. Then, we proceed to check if any of the control and speed constraints (2) or safety constraints (3), (6) is violated. If so, we deal with any violated constraints one by one until they are all satisfied. Note that if t L i > t U i , the problem is obviously infeasible. The details of the step-wise approach can be found in [25] .
C. Unconstrained Optimal Control Analysis
For problem P 0 , the terminal time is free whereas for P 1 the terminal time is fixed or constrained. Thus, we provide the analysis for each of these two cases.
Free Terminal Time. We have
We can now obtain the optimal solution to P 0
According to (1), we can also derive the optimal speed and position trajectories: v *
, and the terminal conditions at t f i . The next two results establish a basic property of the optimal control. Lemma 1. For the unconstrained problem with free terminal time, the optimal control is non-negative, i.e., u * i (t) ≥ 0, and monotonically non-increasing
Proof. Refer to [20] .
Lemma 2. For the unconstrained problem with free terminal time, it is not possible for constraints v min −v i (t) ≤ 0 and/or u min − u i (t) ≤ 0 to become active.
Proof. Refer to [20] . Constrained Terminal Time. If the terminal time t f i obtained from solving P 0 turns out to violate (7) or (10), then we solve P 1 by constraining t f i to either the lower or upper bound in (7) , (10) . There are three subcases: (i) t f i is set to either t L i or t U i , (ii) t f i is set to a fixed value other than t L i and
When t f i = t L i or t f i = t U i , CAV i simply accelerates at u max until reaching v max or decelerates at u min until reaching v min . When t f i is set to a fixed value other than t L i and t U i , the solution reduces to four linear equations for determining a i , b i , c i , d i . Lemma 1 also needs to be modified as follows.
Lemma 3. For the unconstrained problem with fixed terminal time, the optimal control must be either monotonically non-increasing and u * i (t) ≥ 0, or monotonically nondecreasing and u * i (t) ≤ 0.
Proof. Refer to [20] . When t f i is constrained by CAV k, i.e., t f
In addition, we need to add the terminal condition t f
D. Constrained Optimal Control Analysis
When any of the constraints is violated, we must check whether there exists a nonempty feasible control set. One approach followed in earlier work [19] is to identify the feasible set of all initial conditions (t 0 i , v 0 i ) such that no constraint is violated over [t 0
i , t f i ] or at least some of the constraints are not violated while the rest are explicitly dealt with through the Lagrangian in (13) . Here, however, we proceed differently by following a direct approach through which we derive explicit solutions for any feasible optimal constrained trajectory. In so doing, we can also explicitly identify when an optimal solution is infeasible under initial conditions (t 0 i , v 0 i ). In what follows, we concentrate on three cases: (i) the rear-end safety constraint (3) becomes active, (ii) the lateral collision constraint (5) becomes active, (iii) both the speed constraint v i (t)−v max ≤ 0 and the control constraint u i (t)− u max ≤ 0 become active.
1. Rear-end safety constraint becomes active. The speed-dependent rear-end safety constraint is the most challenging to deal with. In this case, we have µ a i = µ b i = ν c i = ν d i = ζ i = 0. Thus, we set h i (p i , v i , t) = p i +ϕv i +δ 0 −p * k (t) where we observe that p * k (t) is a known explicit function of time given by the optimal position trajectory of CAV k since, upon arrival of CAV i at the CZ, the optimal solution of the problem associated with k < i has already been fully determined.
The following result establishes the continuity property of the optimal control when the trajectory enters a constrained arc where p i (t) + ϕv i (t) + δ 0 − p * k (t) = 0. Theorem 2. The optimal control u * i (t) is continuous at the junction τ of the unconstrained and speed-dependent rearend safety-constrained arcs, i.e., u * i (τ − ) = u * i (τ + ). Proof. Refer to [25] . Once an optimal trajectory for CAV i enters the constrained arc p i (t) + ϕv i (t) + δ 0 − p * k (t) = 0, it may remain on this arc through the terminal time t f i or exit it at some point τ > τ and follow an unconstrained arc over [τ , t f i ]. This depends on whether such an exit point τ is feasible on an optimal trajectory. More generally, it is possible that an optimal trajectory consists of a sequence of alternating unconstrained and constrained arcs whose feasibility needs to be checked. Thus, once we establish that an optimal trajectory contains a constrained arc, there are two cases to consider. For simplicity, let us assume that CAV k is driving within an unconstrained arc given the optimal control u *
Case 1: No exit point from the constrained arc. In this case, CAV i remains on the constrained arc until it reaches the MZ and we have
where a k i = a k , b k i = b k − ϕa k i . CAV i enters the safetyconstrained arc at τ and stays constrained until reaching the MZ. The optimal control u *
, CAV i still travels within a safety constrained arc. Since CAV k starts to cruise with v f k at t f k (Assumption 4), we have u *
Note that the optimal expression of CAV i may vary as u * k (t), v * k (t) and p * k (t) vary, which are made known to i by the coordinator.
Case 2: There exists an exit point from the constrained arc. Letting τ 1 denote the entry point to the constrained arc and τ 2 the exit point, the optimal control is
For t ∈ (τ 2 , t f i ], the corresponding speed and position are given by v *
can be determined through the initial conditions, the continuity of position, speed, control at τ 1 and τ 2 , the terminal conditions. In terms of the terminal conditions, there are two subcases to consider: (i) when the terminal time t f i is free, and (ii) when the terminal time is fixed. When the terminal time is free, we have λ v i (t f i ) = 0 and H i (t f i ) = 0. In the case where the terminal time t f i is fixed, we simply use λ v i (t f i ) = 0. 2. Lateral collision constraint becomes active. When the lateral collision constraint (6) becomes active, we have t m i = t f c and p i (t f c ) = L. Theorem 3. When the lateral constraint (6) is active at the interior-point t m i = t f c , the optimal control is continuous,
Proof. Refer to [25] . The optimal control for t ∈ [t m i , t f i ] can be derived in a similar way as (17), i.e., u mz * i (t) = e i t + r i , and the corresponding speed and position are v mz *
, v * i (t) and p * i (t) are the optimal control for t ∈ [t 0 i , t m i ]. Combining with the optimal solution for the CZ, we can determine the coefficients a i through m i along with t f i using the initial conditions at t 0 i , the continuity conditions at t m i , the terminal and transversality conditions at t f i . Note that different transversality conditions apply when t f i is constrained. 3. Both the speed constraint and the control constraint become active. For this case, let us consider a particular scenario where CAV i will enter the arc such that u i (t) − u max = 0 first, and then the arc such that v i (t) − v max = 0.
Theorem 4. The optimal trajectory cannot enter the constrained arc v i (t) − v max = 0 directly from the constrained [25] . Similarly to Theorem 2, we can also prove that u i (t) is continuous at both τ 1 and τ 2 . Hence, the optimal control is
The constants can be determined through the initial conditions at t 0 i , the continuity conditions at τ 1 and τ 2 (proof is similar to that of Theorem 2 and hence omitted), and the terminal and transversality conditions at t f i . There are also two subcases to consider: when the terminal time is free, we have λ v i (t f i ) = 0 and H i (t f i ) = 0; in the case where the terminal time t f i is fixed, we simply use λ v i (t f i ) = 0.
IV. SIMULATION EXAMPLES
In this section, we provide several numerical examples illustrating the cases when safety constraints become active as discussed in Section III. Examples of the remaining cases can be found in [25] along with a tradeoff analysis between energy consumption and travel time. The parameters used are: L = 370m, S = 30m, and γ = 0.1.
1. Rear-end safety-constrained optimal control without exit. Assuming CAV k = 1 enters the CZ at t 0 k = 0 with an initial speed v 0 k = 10m/s and exits at t f k = 39s, the optimal profiles are shown as the blue curves in Fig. 2 . Note that the optimal control of CAV k is unconstrained. Then, we assume that CAV i = 2 enters the CZ at t 0 i = 2s with an initial speed v 0 i = 12m/s. The coefficients for the safety constraint (3) is set to ϕ = 1s and δ 0 = 0m. The optimal profiles for CAV i are shown as the red curves in Fig. 2. 2. Rear-end safety-constrained optimal control with exit. Assuming CAV k = 1 enters the CZ at t 0 k = 0 with an initial speed v 0 k = 10 and exits at t f k = 41s with a terminal speed v f k = 10m/s, the optimal profiles for CAV k is shown as the blue curves in Fig. 3 . Then, we assume that CAV i = 2 enters the CZ at t 0 i = 1.5s with an initial speed v 0 i = 12m/s, and the terminal time of CAV i is t f i = 42.5s. The optimal profiles for CAV i are shown as the red curves in Fig. 3 . 3. Lateral safety-constrained optimal control. Assuming CAV c = 1 enters the CZ at t 0 c = 0 with an initial speed v 0 c = 10 and exits at t f c = 32.027s, the optimal profiles for CAV c are shown as the blue curves in Fig. 4 . Then, we assume that CAV i = 2 enters the CZ at t 0 i = 2s with an initial speed v 0 i = 12m/s, and the terminal time of CAV i is t f i = 34.4s. The optimal profiles for CAV i are shown as the red curves in Fig. 4 . Note that CAV c ∈ C 2 (t) and there could be a lateral collision between them inside the MZ. Hence, CAV i only enters the MZ after CAV c exits the MZ. Note that the optimal control is continuous at t m i = t f c = 32.027s.
V. CONCLUSIONS AND FUTURE WORK
We have extended earlier work in [19] by jointly minimizing energy consumption and travel time of CAVs crossing a signal-free intersection. We include the MZ as part of the optimal control horizon, which provides more flexibility in modeling vehicle behavior inside the MZ while preserving decentralized control. To ensure safety throughout the CZ and the MZ, we consider the rear-end safety constraint, the lateral collision constraint, as well as the speed and acceleration constraints, and derive explicit solutions that possibly involve one or more of these constraints.
Ongoing research is investigating the coupling between multiple intersections, as well as the possibility of extending the resequencing approach in [22] to potentially improve overall traffic throughput.
